We determine the solutions f :
(c) if z 1 ,z 2 > 0 and f (z 2 ) > f (z 1 ) > 0, then f t + f z 2 −f z 1 y 2 −y 1 = f (t) for t ≥ max z 1 +y 1 f z 1 ,z 2 +y 1 f z 2 . (5) Proof. (a) We argue in the same way as in [2, 7] . Namely, for t ≥ y 1 , by (3) we have
(b) For every z > 0 such that f (z) > 0 we have (7) and consequently by (a) (with y 1 and y 2 replaced by z + y 1 f (z) and z + y 2 f (z))
Proof. First suppose that there is a neighbourhood U = (a−δ, a+δ) of a on which f is constant. Then for every x ∈ U such that a < x, from Lemma 1(a), we get
Thus it is enough to take x 0 = a. Now assume that there does not exist any neighbourhood of a on which f is constant. Take ε ∈ (0, f (a)). The continuity of f at a implies that there exists δ ∈ (0, 1) such that for every
(11) Next by a suitable choice of ε the value c := (f (x 2 ) − f (x 1 ))(y 2 − y 1 ) can be made arbitrarily small. Moreover, x 1 ,x 2 < a+ 1 and f (
. This completes the proof.
Proof. By Lemma 2 there exists x 0 > 0 such that for arbitrarily small c > 0
By induction, from Lemma 1(a), we get f (y 1 ) = f (y 1 + n(y 2 − y 1 )) for any positive integer n. Consequently there exists
(13)
The form of the function f 1 implies that there exists z 1 > z 0 such that f 1 (z 1 ) = y 0 +d. Note that (14) yields
and consequently f (z 0 ) = f (z 1 ) > 0. Hence, in view of Lemma 1(a), we infer that
This completes the proof, because ε > z 0 and, choosing sufficiently small d, we can make c := (z 1 − z 0 ) arbitrarily small.
The continuity of f at a implies that there exists δ > 0 such that if |x − a| < δ then |f 
Clearly f (x) > 0 on the interval A = (d 1 ,d 2 ) ⊃ (a − δ, a + δ) . 
By the continuity of f on U , h is continuous. Next, since z < d 2 , so cz > cd 2 and δ + δcz > δ + δcd 2 > 0. Hence
From (23) and (24) we obtain
The continuity of h implies that there exists x 0 ∈ (a−δ, a+δ) such that h(x 0 ) = g(a).
Since a, x 0 ,z ∈ A and b ∈ B, so we have
This contradiction ends the proof of (a).
(b) For the proof by contradiction suppose that f (b 1 ) = 0 for some b 1 > 0. Since ca + 1 = f (a) > 0, there are b ∈ B and z ∈ A such that |z − b| < δ/(ca + 1). Define functions h, g : U → R in the same way as in the proof of (a). Then (23) holds and
Hence h(a − δ) < g(a) < h(a + δ).
We obtain a contradiction in a similar way as in the proof of (a). (29)
